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Abstract 
Let A4 be a maximal subgroup of a finite group G. A subgroup C of G is said to be a 
conylrtion of M in G if C is not contained in M while every proper subgroup of C which 
is normal in G is contained in M. The set, I(M), of all completions of M is called the in&.\- 
CYW@~J.Y of M in G. Set P(M) ={C E f(M) 1 C is maximal in I(M) and G = CM}. The purpose 
of this note is to prove: A finite group G is solvable if and only if, for each maximal subgroup 
A4 of G, P(M) contains element C with C.‘K(C) nilpotent. @ 1999 Elsevier Science B.V. All 
rights reserved. 
,-I h4S C1rss~ficcrtion.s: 20D20; 20E34 
Throughout this paper, all groups mentioned are assumed to be finite groups. The 
terminology and notations employed agree with standard usage. 
Let M be a maximal subgroup of a group G. A subgroup C of G is said to be a 
completion for M in G if C is not contained in M while every proper subgroup of C 
which is normal in G is contained in M. The set, Z(M), of all completions of M is 
called the in&.u complex of M in G. It is clear that the index complex of a maximal 
subgroup M of a group G is nonempty and that the set l(M) is partially ordered by 
set inclusion [2, 31. 
A subgroup C of a group G is said to be a maximal completion of a maximal 
subgroup M of G if C is a maximal element of I(M); if C a G and C e I(M), then 
C is said to be a normal completion of a maximal subgroup M of G. Clearly every 
normal completion of M is a maximal completion of M. 
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Let H be a subgroup of group G. The product of all normal subgroups of G 
which are proper subgroups of H is said to be the strict core of H, denoted by 
KG(H) =K(H). It is clear that K(C) 5 core M and K(C) < C if C E Z(M). 
Let A4 be a maximal subgroup of group G. Set 
P(M)={CEI(M)IC is maximal in Z(M) and G=CM}. 
In [3], Deskins proved that a group G is solvable if, for each maximal subgroup M 
of G, Z(M) contains a maximal completion C with C/K(C) nilpotent with Sylow 
2-subgroup of class at most 2. One might wonder whether a group G is solvable if, 
for each maximal subgroup M, I(M) contains a maximal completion C with C/K(C) 
nilpotent. The answer is negative in general, for example, let G=PGL(2,7), G is 
a primitive group such that Sot(G)= PSL(2,7). Furthermore, Sot(G) is a maximal 
subgroup of G of index 2, thus G is its maximal completion and K(G) = Sot(G), and 
then G/K(G) is a cyclic group of order 2. The other maximal subgroups of G are 
core-free; a conjugacy class of these core-free maximal subgroups is SyZz(G). Then 
any core-free maximal subgroup M of G has a maximal completion P E Sylz(G) with 
K(P) = I, and then P/K(P) is nilpotent. 
We can, however, prove the following: 
Theorem. A group G is solvable tf and only if for each maximal subgroup M of G, 
P(M) contains an element C with C/K(C) nilpotent. 
The results given below are useful in the proof of the theorem. 
Lemma 1. Let M be a maximal subgroup of a group G, N a minimal normal sub- 
group of G. Zf C E P(M) and N < K(C), then 
(1) C/N EWW'); 
(2) KG/N(C/N)=K(C/N)=K(C)/N. 
Proof. It is clear that C/N E Z(M/N). We only prove (2). Since C E P(M) we have 
K(C) < C and K(C) 5 core M. Hence K(C)/N < C/N and K(C)/N 5 M/N, and there- 
fore K(C/N) L K(C)/N. In addition, C/N EZ(M/N) implies that K(C/N)<C/N. Let 
K(C/N) = H/N, then Ha G and H < C. It follows from the definition of K(C) that 
H 5 K(C). So K(C/N) = K(C)/N. q 
Lemma 2. Let M be a maximal subgroup of a group G and C E P(M). If coreM is 
not contained in C, then there exists a normal completion H of M in G such that 
H/K(H) is isomorphic to a subgroup of a quotient group of C/K(C). 
Proof. Since coreM $ C, we have C < C coreM. The maximality of C in Z(M) leads 
to the conclusion that C core M $! Z(M). Hence the collection 
S={TaGIT$ coreM,T<CcoreM} 
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is nonempty. Choose H to be minimal in this partially ordered set S. Then H E Z(M), 
HcoreM>coreM,andHcoreM<CcoreM.(coreM)nH<H and(coreM)nHaG 
implies that (core M)n H <K(H). But it is clear that K(H) 5 (core M) n H. So K(H) 
= (core M ) n H. Therefore, 
H/K(H) = H/H n core M E H core M/core M < C core M/core M. 
From K(C) < C f’core M, we have that C coreM/core M (E C/C n core M) is a 
quotient group of C/K(C). The proof of Lemma 2 is complete. 0 
Proof of Theorem. Let G be a solvable group. Then every chief factor of G is an 
elementary abelian p-group for some prime p. If M is a maximal subgroup of G, then 
clearly the set 
S={TaGIT$MJ 
is nonempty. Choose H to be minimal in S. Clearly H E P(M) and H/K(H) is a chief 
factor of G. Hence H/K(H) is an abelian group. 
Now assume that, for every maximal subgroup M of G, there exists an element C 
in P(M) with C/K(C) nilpotent. Then 
(1) G is not a simple group. 
If not, for each maximal subgroup M of G, G is the unique element in P(M), and 
so G = G/K(G) is nilpotent by the condition. Thus G is solvable. 
(2) If M is a maximal subgroup of G and core M = 1, then [G: M] is a prime 
power. 
In fact, let M be a maximal subgroup of G, and core M = 1. By the hypothesis of the 
theorem, there exists C E P(M) such that C is nilpotent (because K(C) 5 core M = 1) 
and G = MC. Let N be a minimal normal subgroup of G. Then G = MN. If N < C, 
then N = C (if not, N < C implies that K(C) # 1, a contradiction). Noticing that C 
is nilpotent and that N is a minimal normal subgroup of G, we have that N is an 
elementary abelian p-group. Thus [G : M] = INI is a prime power. So we can as- 
sume that C cannot contain any minimal normal subgroup of G. Since core M = 1, by 
[ 1, Corollary 1, p. 1191, G has at most two different minimal normal subgroups. We 
split it into two cases to discuss: 
CUSP 1: G has the unique minimal normal subgroup N. Noticing that C # G, we 
can assume that G has a subgroup H such that C is a maximal subgroup of H. If H 
does not contain properly the minimal normal subgroup N of G, then H E I(M), and 
C < H, in contradiction to that C E P(M). So we can assume that N 5 H. Noticing 
that N $ C and that C is a maximal subgroup of H, we have H = NC. Now, we can 
assume that H is not solvable (if not, N is solvable, and so [G : M] = IN 1 is a prime 
power). By Thompson Theorem [5, Theorem 10.4.21, we can assume that C is a group 
of even order. Let U be a 2’-Hall subgroup of C. If U # 1, by [6, Theorem 11, U a H 
and Z(U) <Z(H). Thus 1 #Z(U) < CH(N) I Co(N). Since C&N)a G and N is the 
unique minimal normal subgroup, we have N < &(N), and so N is an elementary 
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abelian p-group. Thus [G :M] = INI is a prime power. Hence we can assume that 
U = 1, i.e., C is a 2-group. It follows from G = MC that [G : M] is a power of 2. 
Case 2: G has two different minimal normal subgroups N, and N2. By [ 1, Corol- 
lary 2, p. 1201, N, and N2 are isomorphic non-abelian groups, Co(N,) =NI, Co(N2) = 
N, and N, n N2 = 1. Since N, C > C, we can assume that N, C has a subgroup HI such 
that C is a maximal subgroup of HI. If HI does not contain properly any normal sub- 
group of G which is not 1, then HI E Z(M), and C <HI, in contradiction to C E P(M). 
Thus we can assume that HI contains a minimal normal subgroup of G. If N2 5 H,, 
then N,Nz=N, x Nz<N,C, and N,Nz=N,NznN,C=N,(N,N2flC). Hence 
N~E(N,N~)/N, =N,(N,N2nC)/N,=N,N2nC/N,n(N,N2nC) 
is nilpotent. It follows from the minimality of N? that N2 is an elementary abelian 
p-group, a contradiction. Thus N, < HI, and so HI = NI C. Similarly, we have that C 
is a maximal subgroup of H2 = N2C. As in the proof of Case 1 we can assume that 
Hi (i = 1,2) is a nonsolvable group, and that C is a group of even order. Let ZJ be 
a 2’-Hall subgroup of C. If U # 1, by [6, Theorem I] U a Hi, and 1 #Z(U) 5 Z(Hi), 
and so 1 #Z(U) 5 C,(Ni) < CG(N~). Hence 
1 #z(U)~C~(N,)nC,(Nz)=N,nN, 
is a contradiction. Thus we can assume that U = I, i.e., C is a 2-group. It follows 
from G =A4C that [G : M] is a power of 2. 
(3) If M is a maximal subgroup of G and cure A4 # 1, then [G : M] is a prime power. 
In fact, let A4 be a maximal subgroup of G and coreA # 1, and let N be a minimal 
normal subgroup of G such that N < corehf. By condition there exists C E P(M) such 
that C/K(C) is a nilpotent group. We split it into two cases to discuss: 
Case 1: N <K(C). By Lemma 1 C/N E Z(M/N), and K(C/N) = K(C)/N. If C/N is 
a maximal element of Z(M/N), then C/N E P(M/N), and (C/N)/K(C/N) N C/K(C) is 
nilpotent. If core(M/N) = 1 by using (2) and if core(M/N) # 1 by using induction, we 
have that [G/N : M/N] is a prime power. Thus [G : M] is a prime power. Hence we can 
assume that C/N is not maximal in Z(M/N). Then there exists C,/N E Z(M/N) such 
that C/N < C,/N, so C<C,. Since C is maximal in Z(M), we have that C, @Z(M), 
and therefore the set 
S={TaG(T<C,,T$M} 
is nonempty. Choose H to be a minimal element in S. If NH < Cl, then NH/N <Cl/N, 
and NH/N $M/N, in contradiction to that C,/N E I(M/N). Thus C, = NH Q G, and 
C,/N E P(M/N). The minimality of N leads to the conclusion that N n H = 1 
(if N n H = N, then C, = NH = H, a contradiction) and that C, =N x H. If there 
exists a subgroup Cl of C, such that C < C2 <C,, then for every proper subgroup 
N, of CZ which is normal in G, we have N,N a G, and NN, 5 C2 < C,. Noticing that 
NN, = C, n NN, = N(H n NN, ) and that H n NN, <H and H n NN, a G, we have that 
H n NNI 5 M and so N, < NN, = N(H n NN, ) < M. Hence C2 E Z(M), in contradiction 
to the maximal&y of C in Z(M). So we have that C is a maximal subgroup of C,. 
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(a) If K(H) < C. Then K(H) < C (if not, C = K(H) 5 M, a contradiction). There- 
fore K(H) <K(C) and N x K(H)<K(C). Noticing that K(C)=K(C)nC1 = N x 
(K(C)nH), and that K(C)nH<H and K(C)nHaG, we have K(C)nH<K(H). 
Thus K(C)= N x K(H) and Cl/K(C) is a minimal normal subgroup of G/K(C). 
If Cl/K(C) is solvable, then Cl/K(C) is an elementary abelian p-group. It follows from 
G/K(C) = (M/K(C))(Cl/K(C)) that [G : M] is a prime power. If Cl/K(C) is nonsolv- 
able. then Cl/K(C) is a direct product of isomorphic non-abelian simple groups. Thus 
Z(Cl/K(C)) = 1. Noticing that C/K(C) is a nilpotent maximal subgroup of C,,‘K( C), 
we can assume that C/K(C) is a group of even order by using Thompson Theorem 
[5, Theorem 10.4.21. Let U/K(C) be a 2’-Hall subgroup of C/K(C). If U/K(C) # 1, by 
using [6, Theorem I] we have U/K(C)aC,/K(C) and 1 #Z(U/K(C))<Z(C,/K(C)). 
in contradiction to that Z(Cl/K(C)) = 1. Hence U/K(C) = 1, i.e., C/K(C) is a 2-group. 
It follows from G/K(C)=(M/K(C))(C/K(C)) that [G :M] is a power of 2. 
(b) If K(H)$C. Then CK(H)=C,=NH. K(C)nHaG and K(C)nH<H leads 
to the conclusion that K(C)nH <K(H). Thus K(C)nH 5 CnK(H) and K(C)=N x 
(K(C) fl H) < N(C n K(H)). It follows from C/K(C) is nilpotent that C/C n (K(H)N) 
= C/N(C n K(H)) is nilpotent. Hence 
(C,/N)/(NK(H)/N) 21 Cl/NK(H) = CK(H)/K(H)N “V C/C n (K(H)N) 
is nilpotent. Noticing that K(C,/N)>NK(H)/N, we have that (C,/N)/K(C’/N) is 
nilpotent. If coreM/N = 1 by using (2) and if coreM/N # 1 by using induction we can 
have that [G : M] = [G/N : M/N] is a prime power. 
Cuse 2: N $ K(C). Then corrM $ C. By using Lemma 2 there exists a normal 
completion H of M such that H/K(H) is nilpotent. If N < K(H), then clearly H/N t 
@M/N), and using Lemma 1 we have that (H/N)/K(H/N) r” H/K(H) is nilpotent; if 
N $ K(H ), then N $ H. The minimality of N leads to the conclusion that N n H = I. 
Clearly NH/N E P(M/N) and (NH/N)/(K(H)N/N) z H/K(H) is nilpotent. Noticing that 
K(HN/N) > K(H)N/N, we have that (NH/N)/K(HN/N) is nilpotent. By using (2) and 
using induction, we have that [G: M] is a prime power. 
(4) G is solvable. 
In fact, for every maximal subgroup M of G, [G : M] is a prime power by (2) and 
(3). It follows from [4, Corollary 31 that G/S(G)- 1 or PSL(2,7), where S(G) is the 
maximal solvable normal subgroup of G. If G/S(G) z PSL(2,7), let M be a maximal 
subgroup of G such that M/S(G) c~ Sd. By condition there exists an element C of 
P(M) such that C/K(C) is nilpotent. If S(G) < C, noticing that coveM = S( G), we 
have S(G) < C and K(C) = S(G). Since G/S(G) = (M/S(G))(C/S(G)), we have that 
C/S(G) > D/s(G), where D satisfies D/S(G) ‘v a cyclic group of order 7. It follows 
from nilpotency of C/S(G) that C/S(G) = D/S(G). Let Ml be a maximal subgroup of G 
such that Ml/S(G) is a supersolvable group of order 2 1 and Ml/S(G) > D/S( G). Clearly 
Ml EI(M) and Ml >C, in contradiction to the maximality of C in I(M). Hence we 
can assume that S(G) $ C. From Lemma 2 there exists a normal completion H of M 
such that H/K(H) is nilpotent. The nilpotency of H/K(H) and K(H) < coreM = S(G) 
implies that H is solvable. Thus H < S(G) <M, in contradiction to that H is a normal 
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completion of M. So we have that G/S(G) Y 1, i.e., G is solvable. The proof of the 
theorem is complete. 0 
From the theorem the following corollary is immediate. 
Corollary. If for every maximal subgroup M of G, P(M) has an element C such 
that C/K(C) is nilpotent, then for every normal subgroup N of G and every maximal 
subgroup M( > N) of G, also P(M/N) has an element Cl/N such that (C,/N)/K( Cl/N) 
is nilpotent. 
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